i s shown t h a t c r i t i c a l slowing down l e a d s t o considerable enhancement of t h e r e l at i v e undercooling a t t h e l i m i t of m e t a s t a b i l i t y c l o s e t o t h e c r i t i c a l p o i n t . The r o l e of pre-exponential f a c t o r s on t h e n u c l e a t i o n r a t e i s d i s c u s s e d , and s c a l i n g laws f o r nucleation near t h e c r i t i c a l p o i n t a r e d e r i v e d . Computer simulations of t h e l a t t i c e g a s model a r e used t o show t h a t t h e one-cluster-coordinate theory i s s u f f ic i e n t even c l o s e t o t h e c r i t i c a l p o i n t and t h a t t h e
c l a s s i c a l " c a p i l l a r i t y approximation" underestimates t h e energy b a r r i e r s even a t f a i r l y low temperatures.
Introduction.-Nucleation theory consid e r s t h e r a t e of phase transformation of met a s t a b l e s t a t e s . The mechanism one has i n mind i s t h e formation of small n u c l e i of t h e new ( s t a b l e ) phase by thermal f l u c t u at i o n s . These n u c l e i then grow t o form l a r g e macroscopic domains of t h i s new phase.
I n a l i q u i d -g a s system, such i n i t i a l l y m e t a s t a b l e s t a t e s can i n p r i n c i p l e be produced by quenching t h e system from a temper a t u r e i n t h e one-phase r e g i o n t o a p o i n t w i t h i n t h e co-existence curve, keeping t h e d e n s i t y c o n s t a n t ( F i g -l A ) . Similar quenches can be performed i n l i q u i d o r s o l i d mixtur e s (Fig. lB) . Very b e a u t i f u l experiments of t h i s type have i n f a c t been performed by Goldburg and coworkers /1,2/ and by Knobler and o t h e r s /3?6/, and w i l l be described i n t h e n e x t s e c t i o n . The p r e s e n t paper w i l l be l a r g e l y
concerned with t h e t h e o r e t i c a l i nt e r p r e t a t i o n of t h e s e experiments, emphasizing t h e regime c l o s e t o t h e c r i t i c a l p o i n t
Tc. The reason i s t h a t varying t h e temperat u r e T and hence t h e parameter E = AT&= (Tc-T)/Tc changes t h e r e l e v a n t time s c a l e s (because of " c r i t i c a l slowing down" /7/) , and hence a more s t r i n g e n t t e s t of t h e theory i s p o s s i b l e than with o r d i n a r y nucl e a t i o n experiments (done f a r away from Tc). I n f l u i d systems away from Tc t h e attempt frequency i s so high t h a t n u c l e a t i o n becomes a p p r e c i a b l e whenever t h e energy b a r r i e r becomes l e s s than about 50 kgT. For such high b a r r i e r s t h e conventional BeckerDaring n u c l e a t i o n theory /8/ i s a reasonab l e approximation, and t y p i c a l l y t h e l i m i -
ted accuracy of experimental d a t a does not warrant t o consider a more s o p h i s t i c a t e d theory. I n s o l i d systems, on t h e o t h e r hand, t h e atomic m o b i l i t y i s much smaller and
hence t h e energy b a r r i e r s r e l e v a n t f o r t h e observation of homogeneous nucleation would be much smaller. But t h e r e i n most c a s e s heterogeneous nucleation" ( a t l a t t i c e def e c t s , surf aces e t c . ) i s more important. The s i t u a t i o n i s a l s o more complicated s i nce anisotropy energy, e l a s t i c energy e t c . have t o be included when discussing t h e formation energy of a nucleus. Therefore, only f l u i d systems w i l l be considered e x p l i c i t el y i n t h e p r e s e n t paper, b u t t h e g e n e r a l concepts a r e c l e a r l y more general.
A s far a s s t a t i c p r o p e r t i e s near t h e c r it i c a l p o i n t Tc a r e concerned, a l l l i q u i d s a s w e l l a s l i q u i d mixtures belong t o t h e same " u n i v e r s a l i t y c l a s s K /9/.
Even nonequilibrium systems a s t h e electron-hole liquid, which occurs i n semiconductors a t very low temperatures /lo/ (Fig. 2) , should belong t o t h e same c l a s s ."u niversclit.ytlmeans I electron-hole-gas coex~stence curve electron-hole-l ~q u~d t h a t parameters describing t h e s i n g u l a r behavior near t h e c r i t i c a l p o i n t , l i k e c r i t ic a l exponents, s c a l i n g Bunctions e t c . a r e t'ne same f o r a l l systems belonging t o t h e same c l a s s , which i n our c a s e i s t h e c l a s s of t h e I s i n g o r l a t t i c e gas model. Hence one can a l s o expect t h a t t h e same d e s c r i p t i o n of l a r g e d r o p l e t s (or " c l u s t e r s " ) a p p l i e s near t h e c r i t i c a l p o i n t i n a l l t h e s e systems. Thus we w i l l use "computer experid ments" /11/ on l a t t i c e g a s e s , which a r e s o much e a s i e r t o perform than computer experiments on more r e a l i s t i c systems, i n o r d e r * t o check the assumptions made i n t h e theory which i s outlined below. usually a r e s t a r t e d i n a thermal equilibrium one-phase s t a t e o u t s i d e t h e coexistence curve. I n a sudden quench t h e systkm i s brought t o a p o i n t i n s i d e t h e coexistence curve, where thermal equilibrium would r e q u i r e a f i r s t -o r d e r phase t r a n s i t i o n t o a mixture of macroscopic domains of t h e two s t a b l e phases. ( I n p r a c t i c e t h i s i s done e.g . f o r mixtures with an inverted m i s c i b i l i t y gap, where t h e "quench" i s a sudden r i s e of t e mperature produced by microwave heating) .
One then asks whether f o r a considered undercooling 6T an appreciable f r a c t i o n of t h e metastable phase transforms within a c h a r a c t e r i s t i c time rcond [e .g . , whetb.er en a a z e c i a b l e f r a c t i o n of supersaturated gas has condensed]. In these thermal equilibrium nucleation experiments t h e time rcond i s t y p i c a l l y of t h e order of 1 s. A very d i ff e r e n t regime of times would be a c c e s s i b l e i n laser-induced nucleation i n s o l i d s KT a 1 0-9 s] , b u t , i n t h a t case, one no longer d e a l s with thermal equilibrium. I n t h e ecpilibriumcase, the undercooling 6T where app r e c i a b l e phase transformation s e t s i n can be measured by l i g h t s c a t t e r i n g , d i r e c t m icroscopic observation o r measuring t h e l at e n t h e a t which i s associated with t n e condensation. Varying t h e d e n s i t y of t h e f l u i d , or t h e concentration of t h e mixture, one can measure t h i s r e l a t i v e undercooling 6T/AT, where the phase transformation s t a r t s t o occur within T~~~~= 1 s , f o r various E ( f i g u r e 3 ) . 
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Various systems like lutidine-water mixturres (circles) /l/, C-JHI 1,-0-7^1^ mixtures /4/ 3 (squares), He /5/ (crosses) and C0 2 /6/ (triangles)fall within error bars on the same universal curve, which is a constant far away from T , but rises steeply close to T . All these authors /1-6/ have taken all precautions against heterogeneous nucleation ; thus one can be relatively sure that this behaviour is characteristic of homogeneous nucleation. The theoretical analysis which will be given below will show that what is measured here is some sort of universal dynamic scaling function for this highly nonlinear dynamic response of the system.
The curves included in the figure are theoretical predictions. The dashed horizontal curve is the "classical" BeckerDSring nucleation theory, as adapted to the critical region by Langer and Turski /12/. Note that corrections discussed in the nucleation literature over decades such as Lothe-Pound translation-rotation corrections /8/, replacement partition function corrections /8/ etc. would not change muchthe agreement with experiment would become even worse. The dash-dotted curve is the prediction which follows from the theory developed by Stauffer and the present author /13/. Although the agreement is not perfect, the theory does give the right trend. Note that in neither calculation are there adjustable parameters.
Next, the basic ingredients of this theory /13/ will be outlined, and the open questions will be pointed out. It will be shown that lack of knowledge on the free energy barriers of the "critical clusters" still hamper the calculation of this dynamic scaling function of nucleation rates. It is this point where computer simulations on lattice gases are helpful. In the last part of this paper, hence, the direct simulation of the equilibrium between a cluster and surrounding supersaturated gas will be briefly discussed.
3. Nucleation theory and its check up by computer experiments.-As is well known, homogeneous nucleation is a thermally activate process where clusters exceeding a certain critical size have to be formed in order to enable the phase transformation to occur.Let us describe all clusters by a certain set of coordinates : their "size" I [i.e., the amount of order parameter associated with a cluster], their surface area s, etc. Then the formation free energy F (l, s,...) of a cluster in the metastable state will exhibit a saddle point geometry ( Fig.4) : for small clusters the surface area is relatively large, and although their bulk energy is negative, F is still positive due to unfavorable surface energy. For large clusters, the negative bulk energy wins, and hence F is steadily decreasing there. Steady-state nucleation is then described /13/ by equations equivalent to Maxwell's equations for steady-state currents in the --»-"cluster-size space" {H}= {H,s,...} :
and the continuity equation :
(2) Here the "field"is :
with a potential :
_ -»-where n («.) is the cluster concentration which is established in the' steadv state nucleation orpcess, and n (X.) i's defined by the Boltzmann factor :
This i s a h y p o t h e t i c a l c l u s t e r concentrat i o n which would be i n e q u i l i b r i u m i n t h e m e t a s t a b l e s t a t e .

3
For t h e c u r r e n t d e n s i t y j ( R ) we t h e n have t h e r e l a t i o n involving a " c o n d u c t i v i t y 3 t e n s o r " 9 ( R ) :
Here g ( R ) i s a t e n s o r of c l u s t e r r e a c t i o n r a t e s describincr ~u r e l v k i n e t i c f a c t o r s .
This s e t of equations i s completed by spec i f y i n g boundary c o n d i t i o n s f o r t h e gotent i a l . Since s m a l l c l u s t e r s a r e i n thermal equilibrium, we have :
( 7 F u r t h e r , s i n c e t h e r e a r e n o t y e t any i n f i n it e l y l a r g e domains p r e s e n t , we have :
The n u c l e a t i o n r a t e i s then t h e t o t a l curr e n t i n l a r g e d i s t a n c e s from t h e " source" a t t h e o r i g i n :
J u s t a s a b a t t e r y s u p p l i e s e l e c t r o n s t o maintain an e l e c t r i c c u r r e n t , thermal f luct u a t i o n s supply small c l u s t e r s ( i n t h i s -+ continuum d e s c r i p t i o n a t R = 0 ) which a r e fed i n t o t h e n u c l e a t i o n process and maint a i n t h e s t e a d y -s t a t e n u c l e a t i o n c u r r e n t .
This d e s c r i p t i o n i s t h e more a c c u r a t e t h e more c l u s t e r c o o r d i n a t e s a r e used.
formula /13/ :
J a e x p { -F (~* ) / k B~) d~ ( A k~( R * ) A * ) / l~* l . (11) I n t h e conventional Becker-Dijring nucleat i o n theory, one uses a s i n g l e c l u s t e r coord i n a t e R o n l y , i . e . a l l p r o p e r t i e s of t h e c l u s t e r s a r e uniquely f i x e d bg7 t h e i r s i z e , f l u c t u a t i o n s i n t h e c l u s t e r p r o~e r t i e s twofold : (i) t h e f u n c t i o n s n ($1 , g(R) a r e lattice (e .g. the square lattice) . Atas not known e x p l i c i t l y v e r y w e l l ; (ii) even which a r e n e a r e s t neighbors a t t r a c t each i f they were known the problem i s n o n t r io t h e r and, i n a d d i t i o n , t h e r e may be a binv i a l , s i n c e t h e r e i s no g e n e r a l s o l u t i o n d i n g energy t o t h e l a t t i c e or s u b s t r a t e , i f f o r conduction i n an inhomogeneous and a n ione considers t h e l a t t i c e t o be c o n s t i t u t e d s o t r o p i c medium. What one can do i s a sadd l e p o i n t approximation a p p r o p r i a t e f o r F (%*) >> kgT : one expands I?(%) a t t h e s a d d l e p o i n t I* up t o q u a d r a t i c terms :
The m a t r i x 5 has one negative eigen-value 
d d i t i o n . F i r s t of a l l l o n e has t o o b t a i n t h e f u n c t i o n s R ( R ) and n ( R ) which occur i n t h e i n t e g r a l s i n equations ( 1 2 ) , (131, f i g u r e 5. It t u r n s o u t t h a t t h e d a t a a r e q u i t e w e l l approximated by a power law f o r R ( R ) /13/ :
Note t h a t i n f i g u r e 5 a l s o t h e " c l a s s i -
-
& l t h e s u r f a c e f r e e energy of t h e d r o p l e t s i s
g r e c i s e l y obtained by using t h e s u r f a c e tension f s of an i n f i n i t e f l a t s u r f a c e , and hence :
n ( a ) =n (1) exp (-fsS,-Apa) ,
where SR is t h e s u r f a c e a r e a of a d r o p l e t (assumed s p h e r i c a l i n t h e c l a s s i c a l theory) .
I n t h e two dimensional l a t t i c e g a s , f s i s known r i g o r o u s l y from Onsager's e x a c t solut i o n /15/, and hence equation (18) 
l a s s i c a l c a p i l l a r i t y approximation, equation (181, are included. Note t h a t s t r a i g h t l i n e s indicate power-law behavior, and W ( R , l ) / n R i s the p a r t of the c l u s t e r reaction r a t e where only mnomer condensation or evaporation i s included, and
Here., z i s t h e exponent describing c r i t i c a l slowing down /7/, v i s the exponent of t h e c o r r e l a t i o n length of order parameter f l u c --v t u a t i o n s (5 E /9/) , and 61 6 a r e t h e c r i t i c a l exponents describing the s i n g u l a r behavior of t h e order parameter p-pCrit
where Ap 
i s t h e reduced chemical p o t e n t i a l d i f f e r e n c e (p-uc) /kgT, uc being t h e chemic a l p o t e n t i a l a t t h e coexistence curve. S i m i l a r l y , t h e c l u s t e r concentration i s f i t t e d by an expression dominated by a power law, namely t h e Fisher d r o p l e t model 1141 :
n (~) =~R -(~+~'~) e x~ ( -~E R ' /~~-A~. I R ) and R a m .
(17) However, t h e p r e f a c t o r s R, q and b cannot be determined i n g e n e r a l from any , f i r s t ~r i n c i p l e s ; but i t i s amusing t o note t h a t equation ( 1 7 ) 
not only f i t s t h e l a t t i c e gas d a t a of f i g u r e 5 b u t provides a s a t i s f a ct o r y f i t t o t h e equation of s t a t e of t h e electron-hole d r o g l e t system ( F i g .2)
. not f i t t h e computer experiment "data" i n t h e considered range of c l u s t e r s i z e s . One does expect, however, t h a t t h i s c l a s s i c a l expression becomes v a l i d asymptotically f o r v e r y l a r g e c l u s t e r s . I n t h e d i r e c t simulat i o n , where one j u s t counts the a c t u a l average numbers of c l u s t e r s of a l l s i z e s , one cannot go t o such l a r g e c l u s t e r s i z e s , howev e r , s i n c e t h e s e very l a r g e c l u s t e r s a r e too seldom. Hence, l a t e r on, another method of simulation w i l l be reported where such l a r g e c r i t i c a l c l u s t e r s a r e studied d i r e c tl y . The p r e s e n t c l u s t e r s i z e s i n f i g u r e 5 a r e r e l e v a n t f o r energy b a r r i e r s FRX/kgTX 1 0 o r l e s s : t h e r e , d i s t i n c t d e v i a t i o n s from c l a s s i c a l the'ory do occur.
The "data" of f i g u r e 5 now provide t h e i n p u t necessary t o e v a l u a t e unambiguously t h e nucleation r a t e a s w e l l a steady-state c l u s t e r d i s t r i b u t i o n [~q s .
(121, (1311 . On t h e o t h e r hand, one may record t h e a c t u a l i i ( R ) which occurs i n t h e simulation : s i n c e then t h e r e a r e no a d j u s t a b l e parameters what s o e v e r , one o b t a i n s a meaningful comparison between computer experiment and t h e onecluster-coordinate nucleation theory. Figure 6 shows t h e 'outcome of t h e comput e r experiment. C l u s t e r concentrations E a ( t ) a r e p l o t t e d v e r s u s time t , t h e parameter of t h e curves i s t h e c l u s t e r s i z e R. Three d i f f e r e n t quenches a r e shown. After some time l a g , t h e c l u s t e r concentrations always reach some n e a r l y s
t a t i o n a r y s t a t e . Ln t h e s e f l a t p a r t s , t h e c l u s t e r concentrations do not
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JOURNAL DE PHYSIQUE ~i g . 6 . -Average c l u s t e r concentration i i (t) of the R two dimensional l a t t i c e gas model atTx0.96 T plot- ?J become t r u l y constant, b u t decrease slowly : t h i s happens p a r t l y because of t h e neglected c l u s t e r coagulation events, and p a r t l y because the"supersaturation" of t h e l a t t i c e gas decreases by c l u s t e r formation, and thus a l s o concentrati,ons of small c l u s t e r s change with time. Anyhow, we may take t h e f l a t p a r t s a t l e a s t a s rough estimates of what t h e steady s t a t e values should be. Figure 7 now compares t h e " observed" val u e s ( p o i n t s ) t o t h e c a l c u l a t i o n s using equations (12) , (13) [broken curves] . Since t h e r e a r e no a d j u s t a b l e parameters, not even i n t h e coordinate s c a l e s , one does i n f a c t g e t s i g n i f i c a n t agreement, f i t t i n g not only one curve but a whole family of c u r v e s Hence, t h e r e s u l t i s t h a t t h e one-clustercoordinate approximation i s a c c u r a t e , even f o r such low b a r r i e r h e i g h t s of order FRg/ k T z 1 0 . But i t i s important t o u s e accura-B t e expressions f o r t h e functions R ( R ) and n ( R ) . One expects t h a t t h e same r e s u l t holds f o r l i q u i d s near t h e i r c r i t i c a l p o i n t , s i n c e they belong t o the same s t a t i c u n i v e r s a l i t y c l a s s . 4.Scaling laws f o r nucleation near a c r i t ic a l point.-[That i s known about t h e g e n e r a l behavior of t h e c l u s t e r concentration n(R) and r e a c t i o n r a t e R(R)near Tc? A s f o r o t h e r q u a n t i t i e s near Tc/9/, one can w r i t e down "scaling expressions" : t h e s e functions do not depend on t h e t h r e e v a r i a b l e s R , E , and
Ap s e p a r a t e l y , but -a p a r t from a " s c a l e f a c t o r n -only on two scaled v a r i a b l e s A~R~, E Q~, where t h e s c a l i n g powers x, y i n our c a s e a r e /13/ x=l,y=l/BG : Both the, exponent (2+1/6) of t h e " s c a l e Eactor" and t h e exponents x, y a r e obtained by considering t h e c o n t r i b u t i o n of the c l u st e r s t o t h e f r e e energy : nucleation theory considers c l u s t e r s much l a r g e r than t h e cor r e l a t i o n length 6 (Pig .a), which a r e basic a l l y non-interacting a p a r t from random col l i s i o n s where t h e considered c l u s t e r react i o n s t a k e place. Hence t h e c o n t r i b u t i o n of Ehese l a r g e c l u s t e r s t o t h e pressure, P I follows from t h e i d e a l gas law f o r a mixt u r e of c l u s t e r s :
where po i s a "background" term (which a l s o c o n t a i n s t h e c o n t r i b u t i o n of t h e more s t r o ng l y i n t e r a c t i n g c l u s t e r s of t h e s c a l e of t h e c o r r e l a t i o n length 5 o r s m a l l e r ) . Ye r e q u i r e now t h a t both po and t h e c l u s t e r c o n t r i b u t i o n t o t h e pressure have the same s c a l i n g behaviour a s p i t s e l f , i . e . i t s s i n g u l a r ??art psins must s c a l e a s : /9/ Combining equations (21) and (22) 
s e t s t h e exponents t o be used i n equation (191, but does n o t determine t h e e x p l i c i t s t r u c t u r e
of t h e "scaling function" 8. But s i n c e two s c a l e f a c t o r s q and b have been taken o u t , one can invoke t h e u n i v e r s a l i t y p r i n c i p l e % /9/ t o conclude t h a t N should be u n i v e r s a l ( i . e . , the,same f o r a l l f l u i d s including t h e t h r e e dimensional l a t t i c e g a s ) . By a s i m i l a r argument /13,16/, one can r e l a t e R ( L ) t o t h e dynamic response of t h e system i n equilibrium s t a t e s , and invoke "dynamic s c a l i n g " /7/ t o o b t a i n t h e s c a l i n g behavior of R ( L ) a s given i n equation (20) . C l e a r l y , t h e power-law p r e f a c t o r s of equations ( 1 9 ) and (20) have dominated t h e behavior of R (9,) and n (9,) i n t h e simulations (Fig. 5 ) .
Let u s examine the e x p l i c i t exgressions of t h e previous s e c t i o n i n the l i g h t of t h i s general s c a l i n g a n a l y s i s . The r e a c t i o n r a t e , equation ( 
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where i n t h e l a s t s t e p t h e s c a l i n g law dv= 86 + B /9/ was used. Thus we n o t e t h a t t h e e x p o n e n t i a l i n e q u a t i o n (24) h a s t h e c o rr e c t s c a l i n g form -b u t t h e p r e e x p o n e n t i a l s c a l i n g power R -(2+1/6) i s missing! Hence, c l a s s i c a l n u c l e a t i o n t h e o r y , i n i t s s t a ndard form, c a n n o t p r o v i d e u s w i t h t h e c o rr e c t c r i t i c a l behavior of t h e n u c l e a t i o n r a t e s .
The g e n e r a l s c a l i n g e x g r e s s i o n s f o r n ( 2 ) and R ( a ) c a n be used t o d e r i v e g e n e r a l s c a l i n g laws f o r t h e n u c l e a t i o n r a t e , howev e r . From e q u a t i o n s (13) , (1 9) , and (20) we f i n d
Hence, it t u r n s o u t t h a t t h e nucl-eation r a t e depends on t h e chemical p o t e n t i a l diE-
f e r e n c e and hence on t h e s u p e r s a -t u r a t i o n i n t h e same s c a l e d form [ A~E -~' ] a s t h e equat i o n of s t a t e , e q u a t i o n ( 2 2 ) :
The exponent j of t h e a t t e m p t frequency can be i n t e r p r e t e d a s f o l l o w s : J i s t h e number of s u p e r c r i t i c a l c l u s t e r s p e r u n i t time and an3. S i n c e n u c l e a t i o n s t a r t s w i t h t h e o r y a r e h a r d l y i m p o r t a n t . Due t o c r i t ic a l slowing down near Tc t h e r e l e v a n t b a rr i e r h e i g h t s a r e lower, and c o r r e c t i o n s become t h e more i m p o r t a n t t h e c l o s e r one comes t o Tc. The accuracy of t h e p r e s e n t d a t a d o e s n o t y e t a l l o w a n unambiguous assessment of t h i s c r o s s o v e r away from t h e c l a s s i c a l behaviour ( F i g . l o ) , b u t i t i s hoped t h a t such d a t a should be a v a i l a b l e i n t h e near f u t u r e . Note a l s o t h a t a s t u d y of t h i s c r o s s o v e r t o low b a r r i e r h e i g h t s i s i n t e r e s t i n g because, t h e n , t h e d e n s i t y of t h e c r i t i c a l n u c l e i s t r o n g l y i n c r e a s e s .
U l t i m a t e l y , one e n t e r s a regime of g e n e r a l i n s t a b i l i t y of t h e system and a broad c l a s s of long-wavelength f l u c t u a t i o n s ( s p i n o d a l decomposition) /16/.
The regime of lower b a r r i e r h e i g h t s i s r e l e v a n t , away from Tc, i f one c o n s i d e r s t i m e s f o r t h e completion o f t h e phase t r a ns i t i o n s which a r e c o n s i d e r a b l y s m a l l e r t h a n 1 s, a s e.g. i n l a s e r -i n d u c e d n u c l e a t i o n where t h e time i s 1 0 -~s .
I t must be n o t e d , however, t h a t p r e s e n t n u c l e a t i o n t h e o r i e s work o n l y f o r s i t u a t i o n s v e r y c l o s e t o t h e r -
mal e q u i l i b r i u m , where t h e system r e a c h e s i t s f i n a l tem?erature v e r y q u i c k l y i n comp a r i s o n w i t h t h e time needed t o complete t h e t r a n s i t i o n . An e x t e n s i o n of n u c l e a t i o n 
